Liouville-type and uniqueness results for a class of elliptic equations  by Goyal, Sulbha & Goyal, Vinod B
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 151, 405416 (1990) 
Liouville-Type and Uniqueness Results for 
a Class of Elliptic Equations 
SULBHA GOYAL AND VINOD B. GOYAL 
Department of Mathematics, Tuskegee University, 
Tuskegee, Alabama 36088 
Submitted by Murray H. Potter 
Received November 7, 1988 
Liouville-type results are obtained for fourth order elliptic equations of the ~OIIII 
&-q(x) g(du) + P(X) f(u) = 0 
and 
~(q(x) g(u) Au) + P(X) J(u) =o 
by means of two subharmonic functionals defined appropriately on their respective 
solutions and a Green inequality. 0 1990 Academic Press, Inc. 
1. INTRODUCTION 
In [l, 2, 3, 41 Liouville-type results were obtained for equations of the 
form 
A2u - q(x) du + p(x)u = 0 (1.1) 
and 
A% - q(x) Au + p(x) f(u) = 0 Cl.21 
with suitable conditions on the coefficients p(x) and q(x) and the function 
f(u). The case q(x) =0 in (1.2) was covered in [4]. 
In this paper we consider more general non-linear equations of the form 
and 
A*u - q(x) gW) + P(X) t-(u) = 0 (1.3) 
A(q(x) g(u) Au) + P(X) f(u) = 0, (1.4) 
where q(x) is nonnegative and p(x) is a C2 function in E”, and we prove 
Liouville-type results by means of two subharmonic functions defined 
appropriately on the solutions of (1.3) and (1.4), respectively, and by a 
Green inequality. With the help of a subharmonic function a uniqueness 
result is also obtained for the corresponding boundary-value problem. 
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We note that throughout the paper, n > 3, so that the coefficients p(x) 
and q(x) do not reduce to constant coefficients (see [S, pp. 132, 1401). 
2. LIOUVILLE-TYPE AND UNIQUENESS RESULTS 
Consider the non-linear equation 
A2u - q(x) g(Au) + p(x) f(u) = 0. (1.3) 
We call u an entire solution to (1.3) if u is a C4 solution of (1.3) in E”. 
Further, we say that u is a “bounded” solution in E” if U, Au, and Igrad u[ 
are bounded in E”. 
LEMMA 1. Let u be an entire (C4(E”)) solution to 
A2u - q(x) g( Au) + p(x) f(u) = 0. 
Then the function 
a(x) =; (Au)~ + p(x) j-” f(t) dt (2.1) 
0 
is subharmonic in E”, provided q(x) 2 0, 
P(X) ’ 03 p(x)&--61gradp12k0 (2.2) 
f' l4 f' j. f(t) d&j, 
where 6 is a constant 82 and the function g satisfies 
sg(s) > 0. (2.4) 
Proof. With comma notation for partial differentiation and summation 
convention on repeated indices, we compute 
Acr(x) = Au A2u + (Au),~ (Au),, + pf(u) Au + 2f(u)u,ip,, 
+pf'(u)u,,u,i+Q I d' f(t) dt 
=Au(q(x) g(Au)-p(~)f(u))+lgradAul~+p(x)f(u)Au 
. 
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Consequently, since q(x) 20 and sg(s) ~0, we conclude with the help of 
(2.2) and (2.3) that da(x)>O. Thus a(x) is subharmonic in E”. 
LEMMA 2. Ifu is an entire solution of (1.3), where 
P(X) E c2(E”), P(X) > 13 A(p- 1)‘-6<o (2.5) 
f,, (3n - 4)* 
’ 16m2 ’ 
02 “f(t)dt, I 
f’ ” 
0 
uf>u2, rise f(r,dta; (2.6) 
and 
p(x) = 2mp(x) 1: f(t) dt + m(Au)2 - 2u Au + in [grad u12, (2.7) 
then 
da(x) B 24x) (2.8) 
for all x E E”, provided the bounded function g and the constant m > 0 are 
such that 
g’(s) 6 2msgb) (2.9) 
and the function q(x) satisfies the condition 
0 < q(x) Q p(x). (2.10) 
Proof For u an entire solution of (1.3), we observe that 
2mMx)- 1) off dt) 
= 2m(p(x) - 1) f(u) Au 
+ 2mf ‘(u) 
(Ax)-l)f'(u) (~(~)-l)~p~~~f(t)dt-lgradp(x)l~} 
fluI PCx),i * 
+2m(P(x)- 1) f’(U) dx).i +f’(u)plxj- 1 
mA((Au)2) = 2m [grad Au/‘+ 2mq(x) Aug(Au) - 2p(x) f(u)m Au 
A (2mj:fOW) = 2mf’ Igrad u[* -I- 2mf Au 
-A(224 Au)= -2q(x)ug(Au)+2p(~)uf(u)-2(Au)~-4u,~Au,, 
A(qn lgrad ~1”) > am + 3nu,i Au,~, 
408 GOYAL AND GOYAL 
where the inequality nu,iku,jk 2 (Au)~ has been used. Thus, 
dB(x) 2 2mq @(Au) - 2qug(du) + puf+ p (uf - 2 /: f(t) dt) 
+((d~)~+2p(x)~~f(t)dt)+2rnf’ 0 lgradu12 
+ (3n-4)(grad u, grad du)+2m lgrad dul’. 
Now the conditions f' B (3n - 4)2/16m2, uf > u2, and (2.10) yield 
4%~) >, q(x)u2 - 2q(x) ug(du) + 2mq(x) h&h) 
Further, using (2.6) and (2.10), we get 
dP(x) 2,24x) 
since g2(s) < 2msg(s). 
This completes the proof of Lemma 2. 
In order to obtain the Liouville-type theorem we now note that 
I u 0 f(t) dt > 0, (2.11) 
so that CL(X) is non-negative. Thus a(x) is a non-negative subharmonic 
function. Then, by the mean-value property of subharmonic functions, we 
have 
where Q is a Green domain in E”, a52 is the boundary and 1521 is the 
volume of Q, dx is the volume element, a/& is the outward normal 
derivative operator, and y EQ. Now let 52 be the ball B, of radius r and 
center y (fixed but arbitrary) with surface area S, and volume V,. Since 
S,= r”-‘S, and V,=r”& 
n 
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we have 
Integrating with respect to r from 0 to R, we obtain 
where the meaning of the abbreviated notation P(R) is obvious. Now if u 
is a bounded solution in E” (i.e., U, Igrad ~1, and Au are bounded) and if 
p(x) is also bounded in E”, then, dividing by R2 and letting R + co, we 
conclude that a(y) is zero in E”. From (2.11) and the fact that p(x) > 1, we 
conclude from (2.1) that Au = 0 in E”. Since u is bounded it follows that 
u=constant in E”. 
Since f is strictly increasing, we conclude with the help of (2.11) that 
f(0) = 0. Thus the constant is zero. Consequently, we have the following 
result: 
THEOREM 1. Zf u is an entire sofution of (1.3) where 
P(X) E C2(En), 1 <p(x)<M A(p- l)‘-‘~0 
f,, (3n - 412 
’ 16m2 ’ 
and the bounded function g and the constant m > 0 are such that 
g”(s) < hsg(s) 
and u, (grad u[, and Au are bounded in E”, then u = 0 if q(x) is a function 
such that 
Evidently, the functions f(u) = U, u + uZk+ ‘, where k is a non-negative 
integer, and g(s) = s, s + (s)~‘+ I, where I is a non-negative integer, satisfy 
the conditions on f(u) and g(s) in Theorem 1. 
We observe that in the special case q(x) = 0, Theorem 1 is an improve- 
ment on Theorem 1 [4] as far as the conditions on q(x) are concerned. 
However, we need the additional condition on the function f(u) that 
uf 2 u2. 
The fact that M(X) is subharmonic leads to the following uniqueness 
result: 
469/151/2-a 
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THEOREM 2. Let u E C”(Q) n C’(n) he a solution to the boundary value 
problem 
A2u - q(x) g(Au) + p(x)u = F(x) in Q (2.12) 
u = G(x), Au = H(x) on aa, (2.13) 
where the function p(x) is subject to the conditions of Lemma 1. Then u is 
unique provided q(x) > 0 and the function g satisfies (2.4) and is such that 
g’(Au) 3 0 (2.14) 
First, we prove the following lemma for a more general problem: 
LEMMA 3. u E 0 is the only solution of 
A224 - 4(x) .!dAu) + P(X) f(u) = 0 in 52 (2.15) 
u=Au=O on a52 (2.16) 
under the conditions (2.2), (2.3), and (2.4), provided q(x) B 0. 
Proof: Since E(X) is subharmonic, it attains its maximum on X?. 
Applying the boundary conditions, we get 
q+p(x)l; f(t)dt<O. (2.17) 
Since the conditions (2.3) imply f’(s) jS, f(t) dt > l/6 f2(s), which in turn 
implies f (0) = 0, we conclude u G 0 is indeed a solution to (2.15) and (2.16). 
Because of the non-negativity of p(x) ji f(t) dt, (2.17) yields 
Au-0 in 52, 
and thus u = 0 in d since u = 0 on X?. 
As a consequence of Lemma 3 we now prove the theorem: 
Proof of Theorem 2. Suppose both U, and u2 are solutions of (2.12) 
and (2.13) and let w=uI -u2. Then 
A*w-q(xNg(Au,)- g(Aud)+p(x)w=O in Q 
w=Aw=O on ai-2. 
By the mean-value theorem 
gW) - g(Au2) = g’(rNAu, - Au2), 
where r is between Au, and Au, and g’(r) 20 because of (2.14). Thus the 
problem (2.12) and (2.13) reduces to 
A2w - q(x) g’(r) Aw + p(x)w = 0 in Q (2.18) 
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and 
w=Aw=O on asz, (2.19) 
where q(x) g’(r) > 0. In this case the function 
&W2 + pw2), 
which we obtain from (2.1) by setting f(t) = t, is subharmonic and attains 
its maximum on the boundary since g’(r) > 0. The boundary conditions 
(2.19) then imply that w ~0 in Q, which completes the proof of the 
theorem. 
3. LIOUVILLE-TYPE RESULTS 
In this section, we consider equations of the form 
A(&) g(u) Au) + P(X) f(u) = 0 (1.4) 
and seek conditions on the functions p(x), q(x),f(u), and g(u) for the func- 
tion u = 0 to be the only entire bounded solution. A solution u will be 
called entire if it is Cc4)(E”) and bounded if U, Igrad ~1, Au, and [grad Au( 
are bounded in E”. 
First we consider the special case of (1.4) when p(x) = 1 and prove the 
following lemma: 
LEMMA 4. Let u be an entire Cc4’(E”) solution to 
A(&) g(u) Au) +f(u) = 0. 
Then the function 
y(x) =; + q(x) s” h(t) dt, 
0 
where 
and 
v(x) = q(x) g(u) Au, 
is subharmonic in E”, provided 
h’ > 0, 
h’ ” 
2 s 0 
h(t)dt.;, 
and 
q(x) 4(x) 2 6 Igrad q12, 4(x) ’ 09 
where 6 is a real number >2. 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
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ProoJ As in Theorem 1, we compute 
Ay(x) = v,jv,i + v Au + Aq(x) SU h(r) dt + 2h(u) q,,u,i 
0 
+ q(x) h’u,,u,; + 4(x) h(u) Au 
=q(x)h’(u) lU,i+&i’+V,jV,i 
q .q .h2 
Aq/“h(r)dt--- + v Au + q(x)h Au. 
0 dx)h’ 
Since u Au = -q(x)h Au, we get 
Ay(x) 2 V, jU,i + ;Aq(x) ;fh(t)d+~ . 
0 > 
Consequently, by (3.5) and (3.6), Ay(x) >O. Thus y(x) is subharmonic 
in E”. 
We note that in the case 6 = 2, q(x) is such that A( l/q(x)) < 0. 
LEMMA 5. If u is an entire solution to (3.1) where 
q(x) E C2(E”), 4(x) ’ 1, A(q- 1)lP6 <O 
u uh B 2 .r h(t) dt, 
h’ u 
0 F s 0 
h(t) dt+ 
h, b (6 - 1)’ 
n4 ’ f2 a uf 
(3.7) 
(3.8) 
(3.9) 
and 
n2v2 
q(x) = n2q(x) 1’ h(t) dt + T+ n Igrad vi2 + UV, 
0 
then 
for all XE E”, provided the function g is such that 
g(u)>0 and 
1 
4(x) g(u) 
>M, 
(3.10) 
(3.11) 
(3.12) 
where M> 0 is a constant. 
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Proof: To verify (3.11) we compute 
A {n’(q(x) - 1) j; h(t) &} &?(q(x) - 1) h(u) Au 
+ 
n2h2(u) 
h’(q- 1) 
(q- 1) Aq$[’ h(t)& 
0 
-/grad q12 +n2(q- 1)h’ U,i +~~ 2 
I 
A(n2~~h(f)dt)=n2hAu+n2h’[gradu~* 
A(n /grad VI 2, 2 2f2 - 2nf’(grad U, grad v), 
where we have used the well-known inequality IZU,~~U,~~ > (Au)* and 
Thus 
+ 2(grad U, grad u) - 2uf 
46) 2 
n2h2 
h’(q- 1) 
(q-l)Aq$j: h(t)dt-lgradq(2 
h q- 2 
+n2(q- 1)h’ z++--Li- 
h’q- 1 
+n*(q- 1)h Au-qhn* Au+n* [grad vi2 
+ n2h Au + n2h’ (grad u( 2 
+ 2f2 - 2$(grad u, grad u) 
+ 2(grad U, grad u). 
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Inequality (3.11) now follows from the hypotheses (3.7), (3.8), (3.9), and 
(3.12) since (q-l)Aq-6 Igradql’>,O is equivalent to d(q-l)‘-‘j<O. 
Arguing exactly as before, we have thus proved the following: 
THEOREM 3. Zf u is an entire solution to (3.1) and if the functions q(x), 
f(u), and g(u) are subject to the conditions (3.7), (3.8), (3.9), and (3.12), then 
u - 0 provided u, v, and /grad 01 are bounded. 
We note that in the special case q(x) = 1 and g(u) = 1, the equation (3.1) 
reduces to 
d%$f(z4)=0. (3.13) 
In this case the functions y(x) and q(x) in Theorem 4 are equivalent to 
y,(x)=@$+i”f(t)dt 
0 
(3.14) 
and 
q,(x)=n IgradAul*+n* W* T+n2j”f(t)dt+udu, 
0 
respectively. It is easy to verify that 
41(x) 2 MY, 
provided 
(3.15) 
(3.16) 
and 
We formulate this as 
f*>uf>2j;f(t)dt (3.17) 
(nf’ - l)* Q n”f ‘. (3.18) 
THEOREM 4. Zf u is an entire solution to (3.13) and f is subject to the 
conditions (3.17) and (3.18), then u=O provided u, Au, and [grad Au( are 
bounded in E” and fi f(t) dt > 0. 
When f(u) is linear in (3.1) we consider the equation 
4q(x) g(u) Au) + P(X)U = 0. (3.19) 
In this case, we define 
Qx)=;+r(X)ldo(t)dt, (3.20) 
where 
r(x) = P(X) q(x) (3.21) 
h(u) = w(u) (3.22) 
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and 
u(x) = q(x) g(u) Au. (3.23) 
It is easy to deduce that t(x) is subharmonic in E”, provided 
dx) > 0, T(X) Ar - 6 lgrad rl 2 3 0 
h’>O, 
(3.24) 
where 6 is a constant 22. Further, it can be shown that the function 
i(x) = 2n*r(x) j: h(t) dt + n2u2 + uu + 2n [grad uI* 
satisfies the inequality 
Al(x) 2 2H(x), 
provided 
r(x) E c2(E”), T(X) > 1, (r(x) - 1) Ar(x) - 6 Igrad r(x)/’ 20 
h’ u 
h’>l, 1 
s h o 
h(t) dt a;, uh > 2 I 
“h(t) dt 
0 
P(X) > 1, $ Igrad p(x)1 < P(X) 6 5 + i, 
(3.26) 
(3.27) 
(3.28) 
(3.29) 
(3.30) 
where n is the number of dimensions and the functions q(x) > 0 and 
g(u) > 0 are such that 
1 
4(x) ‘Y(u) 
>M>O, (3.31) 
where A4 is a constant. 
To show the inequality (3.27) we make the following computations: 
A 2n2(r(x) - 1) jU h(t) dt 
0 > 
2n2h2 
=2n*(r- 1)h Au+- 
h’(r - 1) 
(r-l)Ar~~Yh(t)dt-lgradr~2} 
0 
+2n*(r- 1)h’ u,; +hL 
2 
h’r-1 
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d(n2u2) = -2n2r(x) h(u) Au + 2n2 Igrad u12 
d(2n2{~h(r)di)=2n2hA~+2n2h.~gradu12 
&u)=i I+r[” h(t)dt 
( 0 > ( 
+E uh-21” h(t)dt 
0 > 
- 2pu2 + 2(grad U, grad u) 
d(2n Igrad vi’) > 4(~lo)~ - 4nu(grad p, grad u) 
- 4np(grad U, grad u). 
Thus, once again, the boundedness of c(x) in E” leads us to the conclusion 
that r(x) = 0 and hence u z 0. We formulate this as 
THEOREM 5. If u is an entire solution to (3.19) and the functions h(u), 
p(x), q(x), and g(u) are subject to the conditions (3.28), (3.29), (3.30), and 
(3.31), then u = 0 prooided r(x), a, v, and [grad 01 are bounded. 
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